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ALGEBRAIC STRUCTURES DEFINED ON m-DYCK 

PATHS 

DANIEL LOPEZ N., LOUIS-FRANgOIS PREVILLE-RATELLE, MARIA RONCO 


Abstract. We introduce natural binary set-theoretical products on the 
set of all m-Dyck paths, which led us to dehne a non-symmetric algebraic 
operad Dyck^. Our construction is closely related to the m-Tamari lat¬ 
tice, so the products defining Dyck^ are given by intervals in this lattice. 
For m = 1, we recover the notion of dendriform algebra introduced by 
J.-L. Loday in [16], and there exists a natural operad morphism from the 
operad Ass of associative algebras into the operad Dyck"', consequently 
Dyck"' is a Hopf operad. We give a description of the coproduct in 
terms of m-Dyck paths in the last section. As an additional result, for 
any composition ofm-|-l>2inr-|-l parts, we get a functor from the 
category of Dyck"' algebras into the category of Dyck'" algebras. 


Introduction 

For m > 1, the m-Dyck paths are a particular family of lattice paths 
counted by Fuss-Catalan numbers, which are connected with the (bivariate) 
diagonal coinvariant spaces of the symmetric group. These representations 
are also called the Garsia-Haiman spaces, and they can be defined for an 
arbitrary number of sets of variables. Our work is motivated by the com¬ 
binatorics of these spaces and by the Loday-Ronco Hopf algebra on binary 
trees. 

The Garsia-Haiman spaces have influenced the work of many combina- 
torialists in the past 20 years (see for instance [13], [14], [15], [9]), and 
they are still a very active area of research today (see [5], [23], [24]) with 
many open problems. Note that the previous two lists of references are 
far from exhaustive. In particular we refer to the books of Bergeron (see 
[2]) and Haglund ([12]) for more explanations and references. Motivated 
by the combinatorics of the Garsia-Haiman spaces (see [13], [14], [15]) and 
by an enumerative formula of Ghapoton counting intervals in the Tamari 
lattice (see [6]), F. Bergeron introduced the m-Tamari lattice, where the 
case m = 1 is the usual Tamari lattice. F. Bergeron and the second author 
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(see [3]) showed that the trivariate diagonal coinvariant spaces are related 
to the intervals and the labelled intervals of the m-Tamari lattice. These 
labelled intervals are some generalizations of parking functions, where the 
latter is another family of combinatorial objects related with the (bivariate) 
Garsia-Haiman spaces. The m-Tamari lattice is the starting poing of our 
work. 

In [16], J.-L. Today introduced the notion of dendriform algebra and 
proved that the algebraic operad of dendriform algebras is naturally de¬ 
scribed on the vector space ]K[Too] spanned by planar rooted binary trees. 
Dendriform algebras are associative algebras whose product splits as the 
sum of two binary operations. In many associative algebras already known 
in literature, as the algebras defined by shuffles (see [7] or [20]) and the Rota- 
Baxter algebras (see [1]), the associative product comes from a dendriform 
structure. In [17], J.-L. Today and the third author, proved that any free 
dendriform algebra has a natural structure of bialgebra, which is described 
in terms of admissible cuttings of trees. 

The main goal of our work is to introduce a non-symmetric Hopf operad 
Dyck^ such that the space of n-ary operations of the theory is precisely the 
vector space K.[Dyck^], spanned by all the m-Dyck paths of size n, for any 
m > 1. When m = 1, we recover the operad of dendriform algebras. 

Given an m-Dyck path of size n, there is a unique way to color its down 
steps with elements of the set {1,... ,n} in such a way that F. Bergeron’s 
covering relation consists in increasing the level of a down step without 
changing its color. This condition characterizes the order and is the key 
ingredient of our construction. The operad DycK^ is spanned by m -|- 1 
binary operations *q, ... which are given by intervals of F. Bergeron’s 
m-Tamari lattice. For readers interested in algebraic operads, let us point 
out that the operads Dyck"^ are easily seen to be Koszul. 

We also introduce the notion of Dycfc^-bialgebra and described the co¬ 
product on the vector space K[Dyck"^], spanned by the set of m-Dyck paths, 
in terms of admissible cuttings of the Dyck path, which seem to be a partic¬ 
ular case of the cuttings of rooted trees introduced by R. Grossman and R. 
Larson in [10]. 

For m = 1, we know that the subspace of primitive elements of a dendri¬ 
form bialgebra has a natural structure of brace algebra. For m > 1, the space 
of primitive elements of a DycU^ algebra is a brace algebra equipped with 
some additional structure. In a forthcoming work we describe the operads 
associated to the primitive elements of DycM^ bialgebras. 

Before giving a more precise description of the contents of the manuscript, 
let us point out that in [22], J.-G. Novelli and J.-Y. Thibon introduced the 
notion of m-permutations and defined the Sylvester congruence in this new 
context. These construction led them to define m-trees as the classes of 
m-permutations modulo the generalized Sylvester congruence. In a second 
work, see [21], J.-G. Novelli introduced the notion of m-dendriform algebra 
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and showed that the vector space spanned by m-trees provide a natural de¬ 
scription of this operad. Even if the dimension of the operad of m-dendriform 
algebras in degree n is the number of m-Dyck path of size n and both of 
them are generated by m -|- 1 products, J.-C. Novelli’s operad is different 
from Dyck^. In particular, our Dyck^ operad is defined by only two types 
of relations. A nice bijection between Dyck paths and m-trees still needs to 
be defined in order to compare both structures. 

Contents 

In the first section we recall some basic definitions and constructions of 
Dyck paths, needed in the sequel. 

In Section 2 we introduce basic operations Xj on the set of m-Dyck paths, 
and the notion of coloring of a Dyck path. The basic constructions of this 
section are used in Section 3 to define binary products *q, ... on the 
space K[Dyck"^], spanned by the set of m-Dyck paths, and to prove the 
relations between them. 

In Section 4, we show that the Dyck"^ algebra structure on the space 
spanned by Dyck paths is related to the m-Tamari lattice by the formulas; 

P*iQ= 

P/iQ<Z<P\iQ 

for any pair of Dyck paths P and Q and any integer 0 < i < m. 

We introduce the formal definition of DycP^ algebra in Section 5, and 
prove that the space ]K[D2/cAf”], equipped with the products ** introduced 
in the previous section, is the free Dyck^ algebra spanned by one generator. 
As the operad of DyctP' algebras is regular, the whole operad is described by 
the free object spanned by one generator, so the combinatorial properties of 
m-Dyck paths define completely the operad. We show that, given two non¬ 
negative integers h < m, there is a natural way to define for any composition 
r of m in /i-|- I parts, an operad homomorphism from Dyct^ into DycJP^, 
which is compatible with the refinement of compositions. In particular, any 
Dyck"^ algebra has an underlying associative structure, which describes the 
Hopf operad structure of DyctP". To end Section 5 we prove that the image 
of a free DycP^ algebra under the functor is a free Dydi^ algebra, for any 
composition r of (m -|- 1) in {h + I) parts. 

The last section is devoted to define the coproduct on Dyck paths in terms 
of admissible cuttings. 
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Preliminaries 

All the vector spaces considered in the present work are over K, where K 
is a field. For any set X, we denote by ]1C[X] the vector space spanned by 
X. For any K-vector space V, we denote by V~^ := K0 F the augmented 
vector space. The set of non-negative integers is denoted Z+. 

1. m-DYCK PATHS 

In the present section we introduce basic notions of the combinatorial and 
algebraic structures we shall need in the rest of the work. For more detailed 
constructions and the proofs of the results we refer to [3], [4] and [5]. 

Definition 1.1. For m,n > 1, an m-Dyck path of size n is a path on the 
real plan starting at (0,0) and ending at (2nm, 0), consisting of up steps 
(m,m) and down steps (1,-1), which never goes below the x-axis. Note 
that the initial and terminal points of each step lean on Z^. 

We denote by DycUff the set of all m-Dyck paths of size n. 

The number of elements of the set Dyckff is dm,n ■= mn+i • 

Example 1.2. For m = 2, we get that 
(1) the unique element of DycJ^ is 



(2) the elements of DycJ^ are 



In order to define constructions on Dyck paths, we use a notation similar 
as the one employed by M. Bousquet-Melou, E. Fusy and the second author 
in [4]. 

Notation 1.3. Let P be an m-Dyck path. We denote by UV{P) the set of 
up steps of P and by T>W{P) the set of down steps of P. 

Definition 1.4. Let u G IAV{P) be an up step of an m-Dyck path P, the 
rank of u is A: if tt is the up step of P, counting from left to right. 

The shortest (translated) Dyck path which starts with u is called the 
excursion of u in P, and is denoted Pu- The down step Wu G VW{P) 
matches u if it is the final step of the excursion of u in P. 

Finally, a down step d is at level k if the last up step u preceding d has 
rank k. 
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Example 1.5. The up step u in the path P has rank 3 and the down step 
d matches it. 



Any up step n in a Dyck path P is determined by its rank, from now on 
we identify them, and denote the set of up steps of a Dyck path of size n as 


UV{P) = {l,...,n}. 


2. Operations on Dyck paths 


We want to describe basic operations on Dyck paths that we need in the 
sequel. 

Notation 2.1. For a path P G DycK^ and an integer 1 < A: < n, we denote 
by PWkiP) the set of down steps of level A of P and by L}^{P) the number 
of elements of PyVk{P)- When no confusion is possible, we shall denote the 
last term of the sequence Ln{P) simply by L{P). 

Note that 0 < Y^i=i ^ for 1 < j < n. A Dyck path P is 

uniquely determined by the sequence (Li(P),..., Ln{P)). 

Definition 2.2. Let P and Q be two m-Dyck paths of sizes ni and n 2 , 
respectively. For 0 < z < L{P), define the concatenation of P and Q, 
denoted P x* Q, as the Dyck path of size n = ni + n 2 obtained in the 
following way: 

(1) if df,..., denotes the ordered sequence of down steps of level 
rei of P, cut P at the final vertex of 

(2) glue the initial point of Q (translated) at the the final point of 


(3) glue the down steps d 



at the end point of Q. 


Example 2.3. Let P and Q be the 2-Dyck paths 



P 


Q 


the element P X 2 Q is the following 2-Dyck path: 
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Definition 2.4. An m-Dyck path P is called prime if there does not exist 
a pair of m-Dyck paths of smaller size Q and R such that P = Q Xq R. 


Remark 2.5. For any m-Dyck path of size n there exist a unique composi¬ 
tion (ni,..., Hr) of n (with n* > 1 for each i) and a unique family of prime 
Dyck paths Pi G Dyck ^^, ... ,Pr & such that P = Pi x o ... x o Pr • 

The proof of the following Lemma is immediate. 

Lemma 2.6. Let P G DycH^^ he a prime Dyek path and let Q G Dyck^^ be 
another Dyek path. For any 1 < j < L{P), the Dyek path P Xj Q is prime. 

Define DyeP^ := {•}, for m > 1. Any m-Dyck path P of size n may be 
written in two different ways, as: 

• P — (((Pm Xm Pq) x,.^_i Pi) Xjn_2 ■ ■ ■) Xg Pmj aud 

• P = P^Xo(((pmXmP()Xm-iP 2 )Xm- 2 - • • X 2 P;),_i) XiP;)^, for unique 
families of Dyck paths Pq, ..., Pm and Pq, ..., P^, with Pj G DycK^. 

m m 

and Pj G DycP^, , 0 < Uj, nj < n — 1 and Uj = nj = n — 1. 

i=o j=o 

For example, for the path P in the example above, we get 



and 



Notation 2.7. For any Dyck path P = 

(((Pm ^ mPo) ^ m—iPl) X m—2 • • • ) X ()Pm — Pq X 0 ((Pm X mRl ) X m—1- ■ ■ X 2Pm—1) X 1 

we denote it by P = \/a(Po, • • •, Pm) = ■ ■ ■ > 

Note that, the Pi’s and the P/ may be just the point •. 

Remark 2.8. Let dm(x) be the generating series of iL[Pycfc™']^, that is, 

dmix) '.= ^ ^ dm,nX 
n>0 

where dm,n is the dimension of K[DycP^] and dm,o = 1- The preceding 
discussion implies that the series dm{x) satisfies the equation x-dm{x)'^~^^ = 
dm{x) - 1 . 
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Remark 2.9. A Dyck path P is prime if, and only if, P is of the form 

P= V,(^’0,...,Pn^) = VJ^0,•••,^m),withP, = P^ = .. 


Definition 2.10. Let -P be a m-Dyck path of size n. The standard coloring 
of P is a map ap from the set of down steps VW{P) to the set {1,..., n}, 
described recursively as follows: 

(1) For P = pjn & Dyck^, ap^ is the constant function 1. 

(2) For P = \/rf(-Po) • • •) Pm)-, with Pj G Dyck^^, the set of down steps of 
P is the disjoint union 

VW{P) = {1,..., m} ]J DW(Po) n u VmPm), 

where the first subset {!,... ,m} corresponds to the down steps of 
Pm • 

The map ap is dehned by: 


ap(yd) 


1, for d G {1,... , m}, 

ap.{d) + no H-1- nj-i + 1, for d G DW(Pj), 


where 0 < j < m. 


In our last example, we get the following coloring for P: 



Notation 2.11. For any path P G DycK^ and any 1 < /c < n, we denote 
by 0Jk{P) the word := ap{dki) ■ ■ ■ C(p{dkLkiP))^ which is the image under 
ap of the sequence of level k down steps of P (from left to right). 


Remark 2.12. Let P be an m-Dyck path of size n. 

(1) For any down step d G T>W{P), the color of d coincides with the 
rank of the up step u G UV{P) which is the first intersection of the 
horizontal half-line beginning at the middle point of d and going to 
the left side with the Dyck path P. In the example 



We have that |ap^(i)| = m, for any 1 < f < n. 

For a fixed 1 < A: < n, the word = ap(df’)... ap(d£^^pP is 
decreasing for the usual order of the natural numbers. Moreover, 
the first m digits of are n’s. 


( 2 ) 

(3) 
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(4) If Q is another m-Dyck path, then VW{PxiQ) = 'DW{P) ]J VWiQ), 
and apxiQ is described by: 


apxiQid) 


ap{d), 
otQ{d) + n, 


for any d which belongs initially to P, 
for any d which belongs initially to Q, 


for any 0 < i < L{P). 


3. Products on m-DvcK paths 

Definition 3.1. For any positive integer n, a weak composition of n with 
r + 1 parts is an ordered collection of non-negative integers A = (Aq, • • •, A^) 

r 

such that Aj = n. We say that the length of A is r -|- 1. 
i=0 

Notation 3.2. Given an m-Dyck path P of size n, the set of all weak 
compositions of L{P) of length r -|- 1 is denoted Ar(P). 

Let P G Dyck^^ and Q = Qi Xq ... Xq Qr € DycK^^ be two Dyck paths, 
where Qj € DyclP^ is prime, for 1 < j < r. 

Suppose that A = (Aq, • • •, A^) is a weak composition of L{P). Define a 
Dyck path P Q of size ni -|- n 2 by the formula: 

P*xQ ■■= ((((P Xai+...+a, Ql) XA2+-+A, Q 2 ) X AsH -hAr * * * ) ^ Xr Qr\ 

The product *a just divides the ordered set VWnXP) of down steps of 
level ni of P and glue, in order, the piece at the end of the path Qj. If 
Aq > 0, the first Aq steps of T>Wni{P) remain at the end of P. 

Example 3.3. Let P = (2, 3,1, 6) be a path in DycJ^ and let Q = (1,4,4,3, 2,3,4) 
be a 3-Dyck path of size 7, note that Q = (1,4,4) Xq (3) Xq (2,3,4). 



Q 

Consider the weak composition A = (1,2,2,1) of L{P) = 6 of length 4. 
The word on the top level of P is eof := 444331. The path P X(i 2 , 2 , 1 ) Q is: 
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The last point of Remark 2.12 implies that for any P G Dyck^^, any 
Q = Qi Xq ... XoQr and any A G Kr{P), the set of down steps oi P *\Q is; 


VW(P*xQ) = VW{P) ]J PW(Q), 
and the standard coloring is described by: 


(3.1) 


^ I ap{d), for d G VW{P), 
\aQ{d)+ni, for d G T>VV’((5)- 


Notation 3.4. Let P be a Dyck path with VWn{P) = {df , ■ ■ ■, d^p^) , 
and let A = (Aq, ..., A^) be a weak composition of L{P). For 0 < i < m, we 
denote by A* (P) the set of all weak compositions A of length r +1 such that 
the restriction 0 'p{dp^pj_^ ..., ap{dp^p^) of the word io^ to its last A^ 

letters satisfies the following conditions; 

(1) any digit in the word o:p{dp^p^_^ ..., ap{dp^p^) appears at most 

i times, 

(2) there exists at least one integer 1 < io < R- such that zq appears 

exactly i times in pi); • • • :Otp{d^f^p^). 

For example, for P = (0,2,1,3,4) G Dycl^, 



we get that A;^ = (1,1,2) belongs to ^^{P), while A 2 = (0,3,1) belongs 
to K\{P). 

Observe that 

r—1 

A°(P) = {(Ao,..., A,_i, 0) I A, = L{P) and r > 1}. 

i=0 

The set of all weak compositions of L{P) is the disjoint union ]J^>g (U^g 
for any m-Dyck path P of size n. 

The following result is a straightforward consequence of Lemma 2.6 and 
the definition of *a- 

Lemma 3.5. Let P = Pi Xq ... Xq Pg in DycK^^ and Q = Qi Xq ... Xq Qr 
in DycM^^ be two Dyek paths, where Pi,..., P^, Qi,..., Qr o.re prime, and 
let A G A* (P) be a weak eomposition. We have that: 

(1) if i > t), then 

P *A Q = Pi Xq • • • Xq Ps-i Xq (Ps *a Q), 
where Pg *a Q is prime. 
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(2) if i = 0, then X = (Aq, ..., 0) and 

P*\Q = -Pi Xq. . . y-oPs -1 Xo {Ps*\{Ql Xo • • • XoQjo)) XoQio+1 Xo- • • XoQr, 
where jo is the maximal element of {0,, r—1} such that Xj^ ^ 0. 

The product on the graded vector space MfDyclv^], spanned by the set of 
all m-Dyck paths, is defined as follows. 

Definition 3.6. Let P G Dyckff^ and Q G DycUff^ be two Dyck paths, such 
that Q = Qi Xq ... Xq Qr with Qi prime, \ < i < r. For any integer 
0 < j < m, define 

P*jQ= Y. ^*xQ- 

\£Ai(p) 

The product extends in a unique way to a linear map from 'K[Dyck^] (8> 
K[Dyck^] to K[Dyck^]. 


Example 3.7. Let P = (1,3) be the 2-Dyck path 



and let Q = (0, 2,4, 2) = (0,2,4) Xq (2) in DycJ^, 



we get that P*qQ — P *( 3 ,o,o) Q + P *( 2 , 1 , 0 ) Q + P *( 1 , 2 , 0 ) Q + P *( 0 , 3 , 0 ) Q — 
(1, 3,0, 2,4, 2) + (1, 2,0, 2, 5, 2) + (1,1,0, 2,6, 2) + (1,0,0, 2, 7, 2) = 




and 


p *1 g = p *(2,0,1) g+p *(1,1,1) g+p *(1,0,2) g+p *(0,2,1) g+-p *(0,1,2) g = 

(1,2,0,2,4,3)+(1,1,0,2,5,3)+(1,1,0,2,4,4)+(1,0,0,2,6,3)+(1,0,0,2,5,4) = 
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Proposition 3.8. Let P G DycK^^ and Q = Qi ... Xq Qr ^ Dyck^^ he 
two Dyck paths, with Qj G Dyck^^. prime for 1 < j <r. 

(1) For nonnegative integers s > 1 and 0 < i < j < m, the map 
^fij{P,Q) : {A;(P) X AiiQ) {(A, 5) | A G A;(P) and 5 G Ai{P*xQ)}, 

which sends (A, r) i-A (A, 5 := (tq, ... ,Ts-i,Ts + A,.)) is bijective. 

(2) For any integer 0 < i < m, the map 'f’j{P,Q){X,z) ■= 

((^0) • • • ) -^1—1) “1“ ■ ■ ■ “1“ Aj--|_s—( tQ) • • • ^pT_ A ^r+1) • • • ; '^r+s—j^)) 

defines a bijection from the set {(A, r) | r G A°((5) and A G Al_^_g_j^{P)} 
to the set 

m 

{(T)^) I 7 £ ]J-^r(A’) and 6 G A*(P Q) such that Sg < Jr}, 

j=i 

where jr is the maximal integer 0 < j < s — 1 such that tj > 0, and 
]J denotes the disjoint union. 

(3) For any integer 0 < i < m, the map 

'lPi{P,Q){A,Z) ■= (A,^ := (t-O, • • ■,Ts-l,Ts + \r), 

i 

from A*(P) X (]J A^((5)) to the set 
t=i 

{(T)^) I 7 € A* (P) and 6 G A*(P Q) such that jr < 
is bijective. 

Proof. (1) For the first point, let A G A*(P) and r G Ai{Q) be two weak 
compositions. 

If VWnfiP) = (df,..., <(P)) and VWnfiQ) = (d?, • • •, then: 

Dy^ni+n2{P *\Q) = (d^) • • • ) d^f^gy . . . , dp^p^). 

The map Aij is defined by the formula: 

i^ij{K,z) := (A,d := (to, ... ,Ts-i,Ts + A^)). 

Clearly, A belongs to A* (P). On the other hand, 

Dydni+n2{P *\Q) = (d^,..., d^^gy ..., dp(-p)), 

which implies that the subset of the last Tg + A^ down steps of P =t:^ Q is 

(rjQ aP aP a 

y^L{Q)-T„+V ■ ■ ■ ’“L(Q)’“L(P)-Ar+1’ • • • ’“L(P)h 

Note that: 

(1) ap*;,Q(d£^p^_^^_i_^)... Oip^,y^Q{d^^^p.^) is a sequence of elements in the 
set ni} such that any digit appears at most i times. 
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( 2 ) ap*A< 3 ('^L(Q)-T +i) ■ ■ ■ ^ sequence of elements in the 

set {ni + 1 ,..., ni + 112 } where there exists at least one digit that 
appears j times, and no digit appears more than j times. 

So, 5 belongs to Ai{P *a Q)- 

For any pair of weak compositions A € A® (P) and 5 G Ai{P*x Q), we get: 
P*xQ _ 

^ni+n2 

■ ■ ■ ’ Clp('iL(p)_Aj,+l)) • • • ) ®p('^L(P))- 

As the expression ap(dL(p)_A^+i) • • • Cip{dL(p)) is a word in the alphabet 
{!,... ,ni} such that no digit appears more than i times, and i < j, then 
r := ((Jo, • • •, ds—\r) must belong to Ai{Q). 

It is immediate to prove that the map (A, S) i-A (A, r) is inverse to ^l>ij (P, Q ), 
which ends the proof of ( 1 ). 

( 2 ) If A € A®_,_^_j^(P) and r G A°((5), then it is immediate to verify that 

(i) 7 = (Ao,..., Ar-i, Ar H-h \r+s-j^ belongs to A:^(P), for i < j < m, 

(ii) 5 = (to, ..., Tj^ + A,., Xr+i ,..., Ar+s->) belongs to A® (P Q), 

(hi) 5s — X^ps—j^ — A,- P • • • + Xj-ps—j^- 

m 

Assume that we have two weak compositions 7 = ( 70 ,... ,jr) £ IlA?(P) 

j=i 

and 5 = (Sq, ■ ■ ■ ,5s) G A®(P Q) such that 5s < 7 r- 

Let jo be the maximal integer 0 < jo < s—1, such that 5jg + ■ ■ ■ + 5s > jr- 

Define 

(a) A := ( 70 ,..., 7r— 1 , '7r~djQ+i — ■ • • —5s, ..., (5^), 

(b) r ;= ((Jo,...,(Jjo-i,<^io -h(Js - 7 r, 0 , ..., 0 ). 

It is clear that A G A®_,_^_^-^(P), r G A°((5) and tpl(P,Q)(X,T} = ( 7 ,^), 
which shows that ^|:l is bijective, ending the proof of ( 2 ). 

(3) For A G A®(P) and r G Ai{Q), for 1 < j < i, we have that the weak 
composition i^i{P,Q){X,T) = {'y,6) satisfies the following conditions: 

(i) 7 = A belongs to A* (P), 

(ii) the weak composition r belongs to Ai{Q) for some 1 < j < i. So, the 
sequence cq 3 ('^p(Q)_.j- _|_i) +pi • • • ^Q{dx(^Q)) + pi is a word in the digits 
of {ni + 1 ,... ,ni + 112 } such that each sequence appears at most j 
times. 

On the other hand, the sequence ap{d^^p^_^ ^^)... ap{dp^p^) is a 
word in { 1 ,..., ni} such that some digit appears exactly i times in it 
and no digit appears more than i times. 
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The sequence of level ni + n2 oi P Q is 


P*ryQ 

^ni+n2 

aQ((^?(Q)_^,+i) + ni... aqid^^Q^) + ... ap{d^(^p-^), 

which shows that S = (tq, ..., Ts-i,Ts + Xr) belongs to A* (P =t:^ Q). 
(hi) As 7 = A and S = (tq, ... ,Ts-i,Ts + A,.), with Tg > 0, we get that 
7r < ds- 


The map (7, 5 ) i-A (7, (Jq, • • •, ( 5 s-i, dg—jr)) is the inverse map of Q)- 

□ 


Theorem 3.9. The binary operations {*j}o<j<m defined onK[DyelP^] sat¬ 
isfy the following relations: 

(1) x*i (y *j z) = {x *i y) *j z, for 0 < i < j < m, 

(2) x*i{y*oz^ - 'ry*iz) = {x*iy^ - V x *rny) *i z, for t) < i < m, 

where x,y,z are arbitrary elements ofW^^DyelP']. 


Proof. Clearly, it suffices to prove the relations for any Dyck paths P, 
Q and Z. Suppose that P € DycPfi^, Q = Qi Xq ... Qr G Dyekff^ and 
Z = Zi Xq ... Xq Zg £ DycPfi^, where Qi,... ,Qr, Zi,..., Zg are prime Dyck 
paths. 

(1) For 0 < i < j < m, applying a recursive argument on s and Lemma 
3.5 it is easy to see that, for any pair (A,r) G A*(P) x Ai{Q), we get: 

P *x {Q *T Z) = ((P X Ai+...+A^ Qi) Xa 2 +...+A^ • • • ) Xa^ {Qr *T Z) = 

(((-P XAi+...+A^ Qi) XA 2 +-+Ar • • • ) Xa^ Qr) *5 Z, 

where ^ = (tq, ..., Tg-i,Tg + A^). 

Applying the same notation than in Proposition 3.8, we get that 
P *A {Q *T Z) = (P *A Q) *5 ■Z’ if, and only if, fiij{P, Q)(A, r) = (A, 5). The 
result follows applying point (1) of Proposition 3.8. 

i i 

(2) We write ^ P *i {Q *j Z) = P *i {Q *o Z) + ^ P *i {Q *j Z) and we 

j=0 j=l 

work the terms on the right hand side separately. 

a) Suppose that r G A^((5), by Lemma 3.5 we get that; 

Q*tZ = QiXq. . .XoQr-lXo(Qr*T'(ZiXo. ■ . XqZjQ) X qZj^+i Xq. . .XgZg, 
where r' = (tq, , tj^) and Qr *t' {Zi Xq ... Xq ZjQ is prime. 
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Applying P*\, we obtain that; 

P*X{Q *rZ) = 

(P*^l((5iXo. . .XoQr-lXo{Qr*r'{ZiXQ. . . X )) X q . . .Xq^s) = 

{{P Q) *^2 {Zi xq ... xq Zj^)) *^2 {Zj^+i xo ... xo Zs) = 

{P Q) *5 Z, 

for the weak compositions = (Aq, • • •, Ar-i, A^ + • • • + A^+s-j^), 

A — (Ar; • • •) -^r+s— T. — (A); • • •) ^i_T— 1 ) Pt_ P “1“ ''' “1“ ^r+s—and 
5 = (tq, • • • , Tj^—l, Tj^ + A)-, Af-i- 1 , . . . , Ar+s— 

The formula above implies that for any pair (A, r) G x A°((5), 

the elements P *x {Q *t Z) and {P Q) Z are equal whenever 

^}{P,Q){k,r) = {j_A). 

So, we have proved that 

P*^ (Q *0 Z) = Y,{P*^_Q) hZ, 

(7,5) 

m 

where the sum is taken over all 7 G M-iP) ^s{P *7 Q) such that 

j=i 

5 s ^ 7r' 

i 

b) Suppose now that (A, r) belongs to A* (P) x A^((5)). We have that: 

i=i 

Q ^ 7 - Z — Xq . . . Xq Xq (^Qr * 7 ^ Z^^ 

with Qi,..., Qr-i, Qr *T Z prime. Let us compute 

P *A {Q *T z) = 

{P iQl ^0 • • • ^0 Qr— 1 )) ^\r iQr *t Z^ — 

(P Q) *S Z, 

where A^ = (Aq, ..., Xr- 2 , Xr-i + A^) and 6 = (tq, ... ,Ts-i,Ts + Xr)- 
Using the notation of Proposition 3.8, we have proved that 
p*x{Q *rZ) = {P *^Q) nZ), 
whenever ip‘f{P,Q){X,T) = (7,5). So, we get: 
i 

Y,P*i (Q*jZ) = Y.{P *^Q) 

1 = 1 (7,5) 

where the sum is taken over all ( 7 , 5 ) G A® (P) xAl{P*yQ) such that 5^ > 7 ,.. 
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Adding up a) and b), we get that: 

i m 

J2P*iiQ *jZ) = Y.{P *jQ) *i z, 

j=0 j=i 

which ends the proof. 


□ 


4. Connection with the m-TAMARi lattice 

For n > 1, let denotes the set of planar rooted binary trees with n + 1 
leaves. 

Notation 4.1. Define binary operations V,/ and \ on the set of trees as 
follows; 

(1) V is the map which sends an ordered pair of trees (t,w) to the tree 
obtained by joining the roots of t and rc to a new root. 

(2) The element t/w is the tree obtained by joining the root of t to the 
first leaf of w. 

(3) The element t\w is the tree obtained by joining the root of w to the 
last leaf of t. 

for any t and w in Too := Un>o 

The diagrams below show a more graphical description of the previous 
definitions, 

t w * ^ 

t\/w^\^ t\w 

Note that, adding To := {!}> for any t G yn there exist unique trees 
G Tni and P G Tn 2 such that t = y P. 

Definition 4.2. The Tamari order (see [8]) on Tnj u > 1, is the partial 
order transitively spanned by the following relations: 

(1) {t y w) y z < ty {w y z), 

(2) a t < w, then t y z < w y z, 

(3) a w < z, then ty w < ty z, 
for t,w,z G Too- 

It is well-known that the set Dyct^ of paths of size n has the same cardinal 
that the set of planar binary rooted trees Tn- 

Consider the map r„ : Dyck\ —>■ Tn, R- > 0, defined by: 

(1) ro(«) := I, is the unique element of To, 

(2) r„(PxoQ) :=r„,(p)/r„2(Q), 

(3) r„j+i(pi xi p) = IVrji^(p), 

for any pair of Dyck paths P G Dyckl^^ and Q G Dyck\^. The inverse 
application is defined recursively on n by: 
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(1) To'(!) = •, 

(2) r-i(t'vO = Vjr-i(iO,r-i(tO), 

for any t’' € and G 

So, the Tamari order is defined on Dycl^, via the bijective map r„, for 
n > 1. 

F. Bergeron extended the Tamari order to the sets DycK^ of Dyck paths 
(see [3]) . Let us describe briefly the m-Tamari lattice Dyck^. 

Let P be an m-Dyck path. For any down step do G PyV{P) which is 
followed by an up step u G UV{P), consider the excursion Pu of tt in P and 
its matching down step Wu as described in Definition 1.4. Let P(do) be the 
Dyck path obtained by removing do and gluing the initial vertex of u to the 
end of the step preceding do, and attaching do at the final point of Wu- For 
example 


P -Pk) 

It is immediate to see that ap^^{d) = ap{d), for any d G T>W{P). 

Definition 4.3. The m-Tamari order on Dyck^ is the transitive relation 
spanned by the covering relation: 

P < P{d), 

for any d G PWiP) such that the final vertex of d is the initial point of an 
up step u G UV{P). We use the symbol < for a covering relation. 


The Basse diagrams for m = 2 and n = 1,2 are: 







For m = 1, it is easy to see that the order defined on Dycl^ in [3] is the 
order induced by the Tamari order on Tn via the map F“^. That is, F„ is 
an isomorphism of partially ordered sets, for n > 1. 
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The goal of the present section is to show that the binary operations 
*i : KlDyck^] 0 'K[Dyck^_^_j.] are described in terms of the 

m-Tamari order. Let us begin by describing the situation in the case m = 1. 


Definition 4.4. (see [16]) A dendriform algebra over K is a vector space A 
equipped with binary operations and ^ satisfying the following conditions 

(1) X {y z) = {x y + X y) >- z, 

(2) X y {y ^ z) = {x y y) ^ z, 

(3) X ^ {y y z + y ^ z) = {x ^ y) ^ z, 

for x,y,z G A. 

In [17], J.-L. Loday and the third author showed that the vector space 
IK[T’oo], spanned by endowed with a natural dendriform 

structure, in such a way that ]K[Too] is the free dendriform algebra on one 
generator. 

The dendriform structure on ]K[Too] is described in terms of the Tamari 
order and the binary operations / and \ (see [18]) as follows: 


(1) 

t y w 

= E 

Z, 



t/w<z<{t\w^)\/w'^ 


(2) 

t < w 

= E 

z. 



/w)<z<t\w 


It is 

not difficult to see that 

, for m = 1, we have: 

(1) 

Tn{x) 

P rr(y) = Tn{x) 

*0 rr(y). 

(2) 

Tn{x) 

P rr(y) = Tn{x) 

*1 rr(y), 


for any pair of elements x G Dyck^ and y G Dycl^. 


Remark 4.5. (1) Let Q be a prime Dyck path, for any pair of m-Dyck 

path P, we get; 

Pxo(5<Pxi(5<---<P Xl{p) Q, 

in the m-Tamari lattice. 

(2) If P < P' in Dyekff^ are such that L{P) = L{P'), and Q < Q' in 
DycKff^, then 

(a) P Xk Q < P Xk Q', for any 0 < k < L{P), 

(b) P XkQ < P' Xk Q, for any 0 < A: < L{P). 

For the rest of the section, the m-Dyck path Q is supposed to be a product 
Q = Qo ^0 ■ ■ ■ ^0 Qr, where all the Qj^s are prime Dyck paths. 

Lemma 4.6. Let P G Dyekff^ and Q G Dyekf^^ be two Dyck paths. Two 
weak eompositions A and 7 in Ar{P) satisfy that 

Aj < 7j 'Jri 
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Proof. If Q is prime, the result follows from point (1) of Remark 4.5. Suppose 
that Q = Qi Xq... Xo Qr, for r > 1 . A recursive argument shows that, for 
any pair of elements A' and 7 ' in Ar_i(P), we have that 

P *y (Ql Xq... Xo Qr-l) < P * 7 ' {Ql Xq . . . Xq Qr-l), 

whenever + ''' + < 7 ^ + ''' + K-i’ for 1 < j < r — 1 . 

We have 

( 1 ) P *xQ = {P *y {Ql Xo • • • Xq Qr-l)) Xa^ Qr, 

(2) P Q {P {Ql Xq . . . Xq Qi —l)) X^^ Qrj 

where A' = (Aq, ..., A^-i, A^-i + XQ and 7 ' = ( 70 ,... , 7 r-i, 7 r-i + 7r)- By 
the recursive hypothesis, we get that 

P *A' {Ql Xq • • • Xq Qr-l) < P * 7 ' (Ql Xq . . . Xq Qr-l), 

and using that Ar < 7 r we finally obtain P *\ Q < P *.y Q. 

Conversely, suppose that P*\Q < P*yQ. Point (3) of Remark 4.5 implies 
that 

Aj + • • • + Ar 7 7j + • • • + Ar, 

for 1 < j < r, which ends the proof. □ 

Notation 4.7. For any m-Dyck path P of size n and any 0 < i < m, let 

( 1 ) Ci{P) be the minimal number of elements such that the word 

cip{dL{P)-ci{P)+i) ■ ■ ■ cip{dL{P)) 

contains i times an integer in {!,... , n} and no integer more than i 
times, 

( 2 ) Ci{P) be the maximal integer such that the word 

Oip{dL{P)-Ci(P)+i) ■ ■ ■ cip{dL(p)) 

contains at least one integer repeated i times and no integer repeated 
i + 1 times. 

Let P G DycPQ^ and Q G DycKQ^ be two Dyck paths. For any integer 
0 < i < m, let P/iQ and P\iQ be the Dyck paths defined as follows: 

(1) P/iQ := P Xc 7 P) Q, 

( 2 ) P\iQ := {P Xp^p) (Ql Xq . . . Xq Q^_i)) X(j^(^p'^ Qr- 

Proposition 4.8. For any pair of Dyck paths P G DycK//^ and Q G Dyck//^ 
and any integer 0 < i < m, the product *i is given in terms of the m-Tamari 
order by the following formula: 

P*iQ= 

P/iQ<Z<P\iQ 
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Proof. Suppose that Q = Qi Xq ... Xq Qr, with all the Qfs prime and that 

A G a;(p). 

The weak composition A = (Aq, • • •, A^) satisfies that Cj(P) < A^ < Ci{P) 

r 

and \i = L{P). 
i=o 
As 

• P/iQ = P *{L(P)-Ci(P)fi,...fi,Ci(P)) 

• P\iQ = P *{0,...,0,L{P)-Ci{P),Ci{P)) Q) 

applying Lemma 4.6, it is easily seen that P/iQ < P *xQ < P\iQ. 

Recall that, whenever R < S in the Tamari lattice, the set 'DW{R) of 
down steps of R is identified with the set X’W(5). For any d G VW{P) the 
levels of d in i? and in S are different but aR{d) = as{d). 

Note that the unique down steps which have different levels in the Dyck 
paths P/iQ and P\iQ are colored by the set of integers ni}. So, for 

any P/iQ < Z < P\iQ and any 1 < / < r, we get that 


(*) Lj{Z) = Lj{Qi), forni + n2iH-hn2(«_i) < j < ni + n2i H- \-n2i. 

Define 


A. 


Lni+n2iA - \-n2j{Z) L[Qj), 

LndZ)-L{P), 


for 1 < j < r, 
for j = 0. 


The arguments above show that 

(1) Ci<Xr< Ci, 

(2) Ci < Xj + ■ ■ ■ + Xr < L{P), for 1 < J < r — 1, 

(3) 0 < Ln^{Z) < L(P) — Ci- 
From (*), we get that Z = P *xQ. 

Lemma 4.6 and P/iQ < P *\Q < P\iQ imply that A G A* (P). □ 


Let us define the product * on K.[DycP^] as the sum * := 
difficult to see, using Proposition 4.8, that 


m 




It is not 


P*Q= 

P / <P\mQ 


Example 4.9. Consider the Dyck paths P = (1, 3) and Q = (2,2) in Dyct^, 
the following diagram describes the Tamari interval Ip^q of all Z G DycJ^ 
such that P * Q = Z. 

zeipfQ 

The Dyck paths in red are the terms of P *qQ, the ones in green are the 
terms of P *i Q, and the ones in blue are the terms appearing in P *2 Q. 
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PhQ-p\iQ 


5. DycK^ ALGEBRAS 

We apply Theorem 3.9 to introduce the notion of DycU^ algebra, for 
m > 1. When m = 1, we recover J.-L. Today’s dendriform algebras. 

The present section contains two main results: 

(1) We prove that the vector space generated by all m-Dyck paths, with 
the products 0 < i < m, is the free Dyck^ algebra on one gener¬ 
ator. 

(2) We dehne, for m>2 and any composition r of m -|- 1 in / -|- 1 parts, 
a functor from the category of Dyck'^ algebras into the category 
of DycJi algebras, which sends free objects into free objects. 

Definition 5.1. A Dyck"^ algebra over K is a vector space D equipped with 
m -|- 1 binary operations *i : D 0 D —^ D, for 0 < i < m, satisfying the 
following relations: 

(1) X *i {y *j z) = (x *i y) *j z, ior 0 < i < j < m, 

i m 

(2) '^x*i{y *j z) = *k y) *i z, 

j=0 k=i 

for any elements x, y and z m. D. 

Clearly, a Dyck^ algebra is a dendriform algebra, as described in Dehnition 

4.4. 

Remark 5.2. Let D be a Dyclf^ algebra. The relations of Dehnition 5.1 
imply that. 
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m 

(1) the underlying vector space D, with the product * := is an 

i=0 

associative algebra. 

(2) for 1 < I < m and any composition r = (rg,..., r^) of m +1 of length 
/ + 1, the vector space D equipped with the binary operations 

roH- hri 

x*iy ■= '^ X *j y, 

j=ro-i -hD-l+l 

for 0 < i < /, where r_i = —1, is a Dycli algebra. So, they define a 
functor from the category of Dycl^ algebras into the category of 
DycJi algebras. 

Note that, as particular cases of Remark 5.2 we get that for any Dyck^ 
algebra D and any 0 < k < m — 1, the vector space D equipped with the 

k m 

binary operations >-^:= and -<^:= *j, is a dendriform algebra. 

i=k-\-l 

The following result is immediate to verify. 

Lemma 5.3. For integers 0 < k < h < m, let r = (ro ,..., rh) he a eompo- 
sition of m + 1 and s = (sq, ..., Sk) be a eomposition of h + 1. Letsorbethe 

composition (ro H-h r^o, Vso+i H-h rso+si , • • •, H- \-rh), 

we have that 

Fs O Fr = ¥sor- 


Notation 5.4. Theorem 3.9 asserts that the graded vector space M.[Dyck^] 
spanned by the set of all m-Dyck paths, equipped with the operations 
defined in Section 3, is a Dyck^ algebra, for all m > 1. From now on we 
denote this Dyck™" algebra by 

As the relations of Definition 5.1 keep the order of the variables, the 
algebraic operad (see [19]) of Dyck^ algebras is regular, which means that 
the operad is described completely by the free object on one generator. 

We now turn to prove that Dm is in fact the free DyckF algebra on one 
generator. Before doing it, let us describe a simple way to describe the free 
Dyck™' algebra. 


Remark 5.5. Let A be a vector space, equipped with a family • • • > 
of binary operations. Definition 5.1 states that (A, *o,..., *m) is a Dyck™ 
algebra if, and only if, the operations 0 < i < m, satisfy the following 
relations: 

(1) (x *i y) *j z = X *i {y *j z), ior 0 < i < j < m, 
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i m 

(2) {x*iy)*iZ = '^x *i {y *j z) - ^ (x *j y) *i z, for 0 < i < m, 
j=o i=i+i 

for X, y and z in A. 

For n > 1, let 3^™ be the set of all planar binary rooted trees with n + 1 
leaves (and n internal vertices), with the vertices colored by the elements of 
{* 0 ,..., *m}- Given two colored trees, t and w and an integer 0 < i < m, 
we denote by t V*. w the colored tree obtained by connecting the roots of t 
and tc to a new root colored by *i. 

For any internal vertex x of a colored planar binary rooted tree t € 3^™, 
we denote by the colored subtree of t whose root is v. 

Definition 5.6. For n > 2, define the set as the subset of all the 
elements t in y^_i such that any subtree ty satisfies the condition: 

(C) a ty = ty V*. tl, then the color of the root of ty is *j for some j > i. 



For instance, the tree t = does not belong to Bq, because 

in the subtree ty = ^ the root of ty is colored *o, while the root of ty is 
colored with * 2 - 


For n = 1, B^ is the set which has as unique element the tree with one 
leave and no vertex: |. Let B^ = Un>i '^rT- 

Note that for any t = t^ V*. T G B"^ the trees t’' and T belong to B"^. 

For any set X, let B^{X) denote the set of all trees in B^ with leaves 
colored by the elements of X. Let Dyck^{X) be the graded vector space 

whose basis is the set U BnW- 

n>l 

For any pair of trees t G and w G B^{X), with n,r > 1, and any 

integer 0 < f < m, the product t *iW € Dyck^{X) is defined recursively on 
n + r as follows, 

X y X y 

I I := 

(1) for n = r = 1, we have '*■ 

(2) for t = t^ t^ OT n = 1, with i < j < m, the product *i of t and w 
is t*iW :=t V*. w G B^^y{X), 

(3) for t = t^ with 0 < j < i, we have that 

(a) when j < i, the recursive hypothesis states that f V*. w is 
defined, and we put t *iW := t^ V*^. V*i w), 

(b) when j = i, by Remark 5.5, we get 

i m 

t*iw:= (t* *i f) *iw = '^t'‘ *k {t'' *iw) - ^ (t' *k f) *i w 

k=0 k=i-^l 
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For the second sum, for any i < A: < m, by a recursive argument 
we suppose that ika- Moreover, Remark 5.5 implies 

that the root of any t^a is colored by an with i < h. 

So, (t' *k *i W := Y.ka ^ka V*i W. 

For the first sum, as t belongs to R™(X), we know that the root 
of is colored by a *h with h > i, and therefore h > k for all 
0 < k < i. On the other hand, the recursive hypothesis implies 
that V*iW = Wip is defined. So, t^*k{t''*iw) := Yfi 
Finally, the formula for t *iW = {t^ *i *iW is 

i m 

k=0 /3 k=i-\-l ka 

where t^*kt^ = Ya ^ka, for f + 1 < A < m, and V*iW = Yp 

Example 5.7. Let 

and w 


we get that 

t*2W 


X\ X2 X3 







The result below follows immediately from Remark 5.5 and the construc¬ 
tion above. 

Proposition 5.8. For any set X, the graded vector space generated by the 
graded set equipped with the binary products define above is the 

n>l 

free DycF^ algebra on X. 


Notation 5.9. We denote by DycF^{X) the free Dyck^ algebra generated 
by a set X. 

In order to prove that the DyckF algebra T>m is the free DyckF algebra 
on one element, we need the following Proposition. 

Proposition 5.10. Any element of P € Vm is a linear combination of 
elements of the form Ri *i R 2 , where 0 < i < m and the sizes of Ri and R 2 
are strictly smaller than the size of P. 
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Proof. Let us point out that for m = 1, the result has been proved in [17]. 
For the general case, let 

P = \/{Po,-- ■,Pm) = Pq Xo iiiPm X-m Pi) X^-l • • • ) Xl Pm) G Dyck^. 

u 

It is immediate to see that P' := {{pm Xm Pi) x^-i • • •) Xi Pm is prime. 
So, if Pq 7 ^ •, then 

P = Po Xq P' = Pq *0 P^ 

and we are done. 

Now suppose that Pq = •. The maximal element Pmax{n) = (Oj • • • > 0; ’^m) 
of the Tamari lattice Dyckff satisfies that Pmax{n) = Pm *m Pmax{n-i)- 
We may assume that the result is also true for elements Q of size n such 
that P < Q < Pmax{n) ill th® m-Tamari lattice. 

For P = Vn(*) Pim ■ ■ 1 Pm), let 0 < z < m be the largest integer such that 

Pi / •• 

Let P' := {{pm Xm Pi) Xm-i ■ ■ ■) Xm-i +2 Pi -1 be the Dyck path obtained 
from P by collapsing Pj to a point. We get that the sizes of both P' and 
Pi are smaller than P’s size, and that the last m* + 1 letters of the word 
Un-miP') are equal to 1. 

So, we get that P' *m-i+i Pi = P + Ylk Qk, with P < for all k. As we 
have supposed that all Dyck paths Q such that P < Q < Pmax{n) are linear 
combinations of elements of type Pi *i P 2 , where 0 < i < m and the sizes of 
Pi and P 2 are strictly smaller than the size of Q, the result also holds for 
P. □ 

The following theorem states that the graded vector space Vm also de¬ 
scribes the algebraic operad DyclP^. 

Theorem 5.11. The free Dyck^ algebra on one generator is isomorphic to 
(Pm, *0) • • • ) *m) • 


Proof. Let DycP^(a) be the free DyclP^ algebra on one generator a. As Vm is 
a DyclP^ algebra, there exists a unique homomorphism (j) : DycP^(a) — )■ Vm 
such that 4>(a) is pm, the unique m-Dyck path of size 1. Proposition 5.10 
implies that (f is surjective. 

The subspace of homogeneous elements of degree n of Vm is generated by 
the subset Dyckff of m-Dyck paths of size n. Let Dyck™'(a)n be the subspace 
of elements of degree n of Dyck^{a). 

As (j) is surjective, to prove that f is an isomorphism it suffices to show 
that the dimension of the vector space Dyck"^{a)n is the number of elements 
of the set DycPff , that is 


dim.-K(Dyck^(a)n) = \Dyckff \ = dm,n 
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From Proposition 5.8, we know the underlying vector space of Dyck^{a)n 
is generated by the set 13^{a) of planar binary rooted trees with n leaves 
colored by a and the (n — 1) vertices colored by the elements of {* 0 ) • • •) *m} 
satisfying condition 5.5. ( 1 ). 

So, the dimension of Dyck^{a)n over IK is the number of elements of the 
set which we denote by bm,n, for n > 1. 

The generating series of the set {bm,n}n>i is 

(1) fmix) = '^bm,nx'^- 

n>l 

We need only to prove that bm,n = dm,n, the number of m-Dyck paths of 
size n, for n > 1. 

From Remark 2.8, the generating series dm{x) = X]n>i dm,nx'^ of the 
family of integers {dm,n}n>i satisfies 

(2) X • (1+ = dm(x). 

Therefore, to end the proof, it suffices to show that the generating series of 
{bm,n}n>i Satisfies the same recursion formula. 

Note that bm,i = 1 = dm,i- 

For any colored tree t G there exists a unique integer r, a unique 
collection of colored trees in 0™" and a word • • • *i^ in the 

alphabet {*o,..., *m} such that ii > • • • > and 

t = (((I ...) w% 

which implies that 

(3) fm{x)=X-{l + Ux)r^^ 

□ 

Corollary 5.12. Let V he a ^-vector space. The free Dyck™ algebra on V 
is the vector space 

Dyck™{V) 

n>l 

equipped with the binary products given by: 

P0{vi^. . .(8)Uni) *i Q0{wi0. . .®Wn2) '■= {P*iQ)®{vi®. ■ .(8)Uni 

for any integer 0 < i < m, any Dyck paths P G Dyck™^ and Q G DycKf^^, 
and elements vi,..., Vni,wi, ..., Wn 2 £ V- 


In Remark 5.2 , we showed that, for 0 < h < m and any composi¬ 
tion r = (ro,... ,rh) of m, there exists a functor from the category of 
Dyck™-algebras into the category of Dycl^ algebras (which is equivalent to 
an operad homomorphism from Dycli^ to Dyclf^). 
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We want to show that the image under of a free DycU^ algebra is free 
as a Dycli^ algebra, too. From Corollary 5.12, we get that it suffices to prove 
that the image V^{Dyck'^{a)) of the free DycK^ algebra over one element, is 
free as a Dychf^ algebra. 

In order to do that, we need to introduce new basis of the underlying 
vector space of Dyck{a), by modifying the basis 0™ described at Definition 

5.6. 


Notation 5.13. Given a family of colored trees ti,... ,tp and a family of 
integers 0 < ii,... ,ip < m, we denote by 

(1) , tp) the colored tree 

(((I '^*ip ^p) '^*ip_i ^p-i) • • •) ti, 

(2) , tp) the colored tree 

• • • ) tp) ■— tl (^2 (. . . (tp-l {tp I))))- 

That is 



Note first that for any tree t G there exist unique non negative 

integers p and q, such that; 

t = ^t,...,ipiti,---,tp) = nf^^j^{wi,...,wq), 

for a unique families of colored trees ti,... ,tp and wi,... ,Wq and unique 
collections of integers ii,... ,ip and ji,... ,jq in {0,..., m} with ii = ji. In 
particular, t = t^ T”, for 

t^ = ^i 2 ,...,ipit 2 ,---,tp) = wi, and f = ti = Qf^ j^{w 2 ,...,Wq), 
and ko = ii= ji. 

Definition 5.14. Given 0 < A: < m, define to be the set of planar 
binary rooted trees with n leaves, with the vertices colored by the elements 
of {* 0 ,..., *m} such that for any vertex v, the tree tp satisfies the following 
conditions: 

(i) if tp = ^^{tl,..., tp), with the root colored by for ii ^ k, then 

either i 2 = k or i 2 > ii, 

(ii) ift^ = ^k,...,ipiti^ ■■■ ,tp) = Q§j^{wi,... ,Wq), thenz^ G {k+1,... ,m} 

for s > 2, and jh G {0,..., A:} for /i > 2. 

The basis 0™" coincides with the set under this notation. 
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Proposition 5.15. For any 0 < k < m, the set = is a basis 

n>l 

of the underlying vector space of the free Dyck^ algebra Dyck^{a). 

Proof. We know that B™ is a linear basis of the K-vector space Dyck^{a). 
We want to prove that there exists a bijective map tp : 0™ — B"^'^ satis¬ 
fying that: 

(i) ip{t) = t, for all teB^n B^'^, 

(ii) if t = V*. P, with i ^ k, then ip(t) = (p(t^) piP), where t\P G B™', 
(hi) if t = V*j, P, then the root of (p{t), is * 5 , for some s > k. 

(iv) t and (p{t) represent the same element in Dyck"^{a). 

For a colored tree t G B'^nB'^’^, we define (p{t) := t. Clearly B^ = B^'^, 
for n = 1 , 2 . 

If t ^ B^'^, we apply a recursive argument on |t| > 2 . 

(1) For t = t^ V*^ P, with t’’ and P in B"^ and s ^ k, define (p{t) := 
ifit^) V*, p{P). 

Note that, as t G B'^, we know that the root of t^ is colored by *h, for 
some h > s. The recursive hypothesis states that the colored planar rooted 
trees p{t'') and p{P) belong to B^’^ and the color of the root of (p{t^) is *p 
for some s < h < p. So, (p{t) G B"^’^. 

(2) If t = V*j, P, with t^ and P in B'^, then there exist unique pair of 
positive integers p, q such that 

(i) ■ ■ ■, tp), for a unique family of trees t 2 , ■ ■ ■ ,tp in B"^ and 
unique nonnegative integers i 2 < ■ ■ ■ < ip, 

(ii) P = nf^ j^{w2,... , rcq), for a unique family of trees W 2 , ■ ■ ■ ,Wq in 
and unique nonnegative integers j 2 ,... ,jq. 

(a) If jh < k, for all 2 < h < q, then a recursive argument on q shows that 

ip{P) = nf^^^^^j^{p{w2),...,ip{Wq)), 

where Wh G 0™, for 2 < /i < g. In this case, we define (p{t) := (p{t^) 
p{P). 

(b) If there exist at least one 2 < h < q such that jh > k, let s be the 
minimal integer such that js > k, 2 < s < q. For 2 < h < s — 1, we have 
that jh<k< js. 

Applying that x *i {y *j z) = (x *i y) *j z in Dyck^{a), whenever 
0 < i < j < m, we get that the tree t describes the same element than 
the tree: 

(t^ {W2 (... (r;^_i Ws)))) nf^^^ j^{ws+i, ■■■,Wq). 

That is, we replace the tree 
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(jUj+l, ...,Wg) 


by the tree 



without changing the element in Dycl^{a). 

We cannot assume that the root of ip{t^ V*j. {w 2 (... ^ 

Ws)))) is colored by *r with r > jg. So, we have to work a bit more to 
define 

Suppose that Wg = , Wg^u)- As Wg G we get that 

jg < h\ < • • • < hw 

The tree V*j. {w 2 \/*j^ (• • • (rcs_i ^ represents the same 

element than the tree: 


il ■= (((t* V*;, nf^^ j^_^{w2 ,...,Wg-i)) Wg^u)---)y*h^ Wg^i = 



Moreover, • • •, tp) is such that k < i 2 <■■■< ip and 

the root of is colored by which implies that 

and that the root of is colored by 

Therefore the tree t describes the same element than 


R 


where the root of is colored by with hi > jg > k. We define 




R 

'is + 1 vj'g 


( r ;^+ 1 , . . .,Wq)). 


To prove that ip is bijective, we give an explicit description oip Clearly, 
if t G n then = t. 

For t G , we use a recursive argument on the degree \t\. Suppose 

that for any r < n, the map —)■ B'^ is defined. From the 

conditions satisfied by p, we get that its inverse satisfies that: 

(iv) if the root of t is colored by *s, for some s < k, then the root of 
is colored by * 5 , 
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(iiv) if the root of t is colored by *s, for some s > k, then the root of (p ^{t) 
is colored by or by *k- 

Let t = G j£ ^ then we know that the root of 

is colored by for some s > ii. So, we get that: 

Suppose that ii > k and that t = ,t2, ■ ■ ■ ,tp) ^ If ii < 

12 < ■ ■ ■ < ip, then it is immediate to see that 


Otherwise, there exists a unique integer 1 < h < p, such that 


k < ii < ■ ■ ■ < ih-i, and ih = k < ih+i < ■ ■ ■ < ip. 

Moreover, as t G Qm,k^ j^{wi ,..., Wq) G with 

ji < k- 

From the definition of p and a recursive argument, we get that: 

(1) the tree t represents the same element than the tree 

^ •= ^ih+u-,ip(^h+l, • • • (. . . {Wqy*j^nf^^ ,^^i^_^{f,t2, . . . ,4-l)))) = 



( 2 ) 

... ,tp))v*, 

(v9-1(r;i) V*(... (p-^Wg) V *^ ..., th-i)))). 


We have that (/? ^ is well defined, a tedious but straightforwrad calculation 
shows that it is the inverse of p. □ 


Lemma 5.16. For any integer Q < k < m, let r be the composition ofm + 1 
in m parts, given by rj = 1 for j k, and r^ = 2. For any set X, the image 
of Dyck^{X) under the functor is generated as Dyck^~^ algebra by the 
graded set A'^’^{X) of all colored trees t in U Bff’^{X), such that n = 1, 

n>l 

or n > 1 and the root of t is colored by *k ■ 

Proof. Again, from the description of Dyck™'{X), we have that it suffices to 
prove the result for the set with one element X = {a}. 



30 


D. LOPEZ N., L.-F. PREVILLE-RATELLE, M. RONCO 


The DycU^ ^ algebra structure of Dyck^{a) is given by the products 


*j = < 




for 0 < j < k, 
*k + *k+i, ioT j = k, 

*j-i, for k < j < m. 


The underlying vector space of ¥r{Dyck^{a)) is equal to Dyck"^{a). As 
the set 0™’^ is a basis of Dyck™'{a) as a IK-vector space, it suffices to see 


n>l 


that any element in B™’^ belongs to the Dyck™~^ algebra generated by 

n>l 

the set A™’^, under the operations * 0 ) • • •, *m-i- 

We proceed by induction on the degree n. For n = 1,2, the result is 
immediate. 

For t = V*. € B™’^{X), the recursive recursive hypothesis states that 

the trees t’' and t’’ are obtained by applying the products • • •, *m-i to 
elements of the set A™'^ of degree smaller than n. 

We have to analize three different cases: 


(1) for i < k, we have that t = t^*iV, and as and are elements in 
the Dycl^~^ algebra generated by A™’^, so is t, 

(2) for i = k, as t G B™’^ , we get that t G A™’^, 

(3) for i = k + 1, we have that t = t^*kt^ — *k and the root of is 

colored by *j, with j>k + l or j = k. 

As and f belong to Dyck™~^ {A™’^), the tree t^*kt^ is in Dyck™~^{A™’^). 
On the other hand, either *k G A™'^, or 


*k f" = w'-) w’’, 

for some colored tree w = \/ *hW^ and h > k. 

Applying a recursive argument to the degrees of the elements 
and the result follows. 

(4) For i > k + 1, we have that t = Wi_i , which belongs to 
Dyck™~^ {A™’^) by recursive hypothesis. 

□ 


Lemma 5.16 states that ¥r{DycB^{X)) is a quotient of the free Dyck™~^ 
algebra Dycl^~^{A™’^{X)). For X finite, the subspace of homogeneous 
elements of degree n in ¥r{Dyck™{X)) is dm,n\X\^. 

So, to prove that ¥r{Dyck™{X)) is isomorphic to Dyck™~^{A™’^(X)), it 
suffices to show that the dimension of the subspace of homogeneous elements 
of degree n in Dyck™~^{A™’^) is dm,n 7 where A™’^ is the set of trees in B™ 
with the vertices colored by *o,... ,*m and the root colored by *k. 

Recall that for any graded vector space V = 14 such that each 14 

is finite dimensional, the generating series of V is v{x) := E dimK(14)a:”- 

n>l 
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Lemma 5.17. Let dm{x) he the generating series of the free Dyck^ algebra 
Dyclf^{a). We have that: 

dra{x) = dk{x ■ (1 + dm{x)'^~’^), 

for all 0 < k < m. 


Proof. Clearly, it is enough to prove this for /c = m — 1. Let gm{x) be the 
inverse series of dm{x) {g exists because dfS) = 0 ). 

Since x • (1 + dm{x))'^~^^ = dm{x), replacing x by gm{x) we obtain that: 

9mix) ^ ^^m +1 ’ 


which implies that (1 +x) ■ gm{x) = gm-i{x). So, replacing x by dm{x) and 
applying dm-i{x) to both sides, we get the desired formula 


d.,n-l{x ■ (1 + dm{x))) = djn{x). 


□ 


Applying Lemmas 5.16 and 5.17, we get the following result. 

Proposition 5.18. For a fixed 0 < fe < m — 1, let r be the composition of 
m + 1 in m parts, sueh that r* = 1 for i ^ k and = 2. The Dyek™'~^ 
algebra ¥r{Dyck'^{X)) is free. 

Proof. Applying Lemmas 5.16 and 5.17, it suffices to prove that the number 
of elements in .4.™’^ is dm,n-i, for 0 < /c < m. 

The number of elements of is dm,n-i, to end the proof we define a 
bijective map 9n from to for n >2. 

For n = 2, 0i(|) is the unique planar binary rooted tree with two leaves 
and the root colored by 

Let t t’’ be an element of 

(1) For h> k,lett = ■^{f,t 2 ,...,tp). 

(a) If ip > ■ ■ ■ > i 2 > h > k, then we define 9n{t) := t V*j, |. 

(b) If there exists one integer 1 < s < p such that ig = k, then the 
s is unique and 9n{t) is defined by the formula; 

9n{t) := ^h,i 2 ,...,ia-i ) ^ 2 ) • • • ) ts-l) V*j, • • • ; tp)- 

(2) For h< k, let t = ■■■,Wq)- 

(a) If ji < k for any 2 < i < q, then we define: 9n{t) := | V*^, t. 

(b) Otherwise, let 2 < s < g be the minimal integer such that jg > 

k. In this case, as t € know that k ^ {/i, Ji,..., js_i}. 

We define 9n{t) to be the element: 

9n{t) := ...,Wg) V*, .. .,Wg-i. 

It is not difficult to verify that is bijective for all n >2. So, the result 
is proved. □ 
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Applying Lemma 5.3 , as a straightforward consequence of Proposition 
5.18, we get the following result. 

Theorem 5.19. Let 0<i<m—1 be an integer and let r be a composition 
ofm + 1 in s + 1 parts. The image of a free Dyck™ algebra Dyck™{X) under 
the functor is a free Dyclf algebra. 

Note that, in particular we get that, for any free Dyck™ algebra, the 
associative algebra {Dyck™{X), *o + • • • + *m) is free. 


6 . A DIAGONAL ON m-DvCK PATHS 

As Dycld^ is a regular operad, given a DycL™ algebra (A, {*j}o<i<m) 
and an associative algebra the tensor product B ® A has a natural 

structure of Dyck™ algebra, where the products are given by the formula 

m 

;= o (g) for 0 < i < m. In particular, when (S, o) = (A, * := *i), 

i =0 

the tensor product A (g) A is a Dyck™ algebra. That is, the algebraic operad 
Dyck™ is a Hopf operad. 

However, there does not exist a good notion of unit for Dyck™ algebras, 
when m > 1 . 

In this section, we introduce the notion of Dyclf^ bialgebra, and give an 
explicit description of the coproduct on the free algebra Dm, for m > 1 . 
For m = 1 it coincides, via the linear map induced by the applications 

; Dyck^ —> Tn, with the coproduct defined in [17] on the algebra 1K[T*] 
of planar binary rooted trees. 

Given a vector space V, recall that is the vector space ;= IK 0 F 
equipped with the usual augmentation map e : V~^ —> K. Let F+ (g)F+ 
denote the vector space F+ 0 F+ := F+ 0 F © F 0 F+. 

Let (A, {*j}o<i<m) be a Dyck™ algebra. The products *i are extended to 
linear maps *i : A+ 0 A+ —A, for 0 < i < m, by the formulas: 

( 1 ) X *0 Ik = 0 and Ik *o = x, 

( 2 ) X =t=j Ik = Ik a; = 0 , for 0 < i < m, 

(3) X*m^K = X and lK*mX = 0, 
for X € A. 

Note that the element Ik *i Ik is not defined, for any 0 < i < m. 

It is easily seen that the vector space A+ 0 A+, equipped with the oper¬ 
ations *i given by; 

( 1 ) (xi 0 X2) *i {yi 0 2/2) = (xi * 2/1) 0 (X2 *i 2/2), for X2 € A or 2/2 G A; 

( 2 ) (xi 0 Ik) *i (2/1 ® Ik) = (a^i *i Ui) ® Ik, 
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for xi,X 2 ,yi,y 2 G is a Dyck^ algebra. 

The previous construction motivates the following definition. 

Definition 6.1. A Dyck^ bialgebra over IC is a Dyck^ algebra (A, {*i}o<i<m) 
equipped with a linear map A : A+ —A+ (8> A+ satisfying that: 

(1) the data (A+, *, A, l, e) is a bialgebra in the usual sense, where 

(a) the associative product * is given by: 

j HiLo X *i y, for x,y e A, 

X * y := ■> ‘ ^ 

\x-y, for X G ]K or y € K., 

where • denotes indistinctly the product on K as well as the 
action of IK on A, for x, y € A^. 

(b) i : IK A+ is the canonical inclusion of IK into A+, and e : 
A^ —IK is the canonical projection. 

(2) the restriction of A from A to the subspace A+ (8) A+ is a homomor¬ 
phism of Dyck"^ algebras. 


A standard argument shows that for any free Dyck"^ algebra Dyck^{X), 
there exists a unique homomorphism A from DycK^{X)^ into DycJf^{X)'^® 
DycK^{X)^ satisfying that: 

(1 ) A(1k) = Ik ® Ik, 

(2) A(x) = X (g) Ik + Ik ® a:, for X € A, 
giving Dyck^{X) a structure of Dyck^ bialgebra. 

Our aim is to give an explicit description, in terms of m-Dyck paths, of 
the coproduct A on the free DycK^ algebra T>m- 

Definition 6.2. Let P be a m-Dyck path. A central step of P is an up step 
of P which is the initial step of P, or is preceded by another up step. 


Example 6.3. Consider the following 2-Dyck path: 



The central steps are marked in green. 


Notation 6.4. Let P be an m-Dyck path of size n. Given a pair of steps 
{u,d) G UV{P) X 'DW{P), such that the starting vertex of u and the final 
vertex of d belong to the same horizontal line, we denote by Pu,d tbe (trans¬ 
lated) m-Dyck path obtained from P which starts with u and ends with 

d. 
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Definition 6.5. A cut of P is an m-Dyck path such that u is a central 
step of P and Pu^ 7 ^ P- An admissible cutting of P is a non-empty family of 
cuts V = {Pui,di}i<i<s of P such that Pui,di and Pu^Ah disjoint whenever 
l^h. ’ 

Remark 6.6. For any central step u of P, the excursion Pu,wu of u in P is 
a cut of P. 

Notation 6.7. Let P = {P^,...,P'^} be an admissible cutting of an m- 
Dyck path P, such that P^ = Pui,di, for 1 < I < s. 

Suppose that for any I < I < s, the starting vertex of ui has coordinates 
(a;, hi) and the final vertex of di is {ci,di), we shall always assume that V is 
ordered in such a way that oi < 02 < • • • < which implies that: 


Oi < Cl < 02 < C2 < • • • < Os < Cs 


Example 6.8. Consider the Dyck path of the preceding example. The 
admissible cuts are the paths above the dotted red lines. 



Observe that the cuts P„j ^d^ and P„j ^^3 = P„^ ^d^ x 0 -^ 3,^3 (where 3 denotes 
the third step of P) begin both with ui, so there are two admissible cuts 
corresponding to the lowest red dotted line. 

The admissible cuttings of P are {Pui,di}, {Puuds}^ {Pu 3 ,d 4 }^ 



Let Ad(P) denote the set of admissible cuttings of P. 

Notation 6.9. Let P be an element of DycP^. For any cut Pu^d of P, 
denote by P/Pu,d the Dyck path obtained from replacing the path P^^d by 
a point in P, that is, by taking off all the steps of Pu,d and gluing the initial 
vertex of u with the final vertex of d. 

Remark 6.10. (1) Suppose that P = Pi Xq ... Xq Pr, with Pi prime for 
1 < i < r. The Dyck paths Pi, Pi Xq P 2 , ..., Pi Xq ... Xq Pr-i are cuts of 

P. 

(2) Let P = {P^,..., P^} G Ad(P) be an admissible cutting of P. For 
any 1 < I < s, the collection P \ {P^} is an admissible cutting of P/Pb 

For any admissible cutting P = {P^,..., P^} of a path P € DycK^, the 
m-Dyck P/{P^,..., P^} is defined recursively by the formula: 


P/{P\ ..., P^} := {P/{P\ ..., P^-i})/{P^}. 
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Example 6.11. Let P = (0, 2, 0, 5,0, 5) E Dycl^ be the path of Example 
6.8, and consider the admissible cutting {Pui,d 3 } of P. The 2-Dyck path 
P/{Pui,d 3 } is the path: 



Definition 6.12. The (reduced) coproduct A : P^n Pm ® Pm on P^n is 
defined by the following formula: 

A(P) = '^P^ *---*P^ 0P/{P\...,P^}, 

V 

for any P E DycP^, where the sum ranges over all the admissible cuttings 
P = ^Ad{P). 


Remark 6.13. For any m-Dyck path P E DycK^ and any admissible 
cutting V = of P such that P* E DycK^., we have that 

PjV E Dyck^ is a Dyck path, with N = n — ni — ■■■ — Ug, so L{P/V) > m. 


The reduced coproduct extends to a coproduct A : Pm —>■ Pm < 8 ) Pm 
defining 

A(P) = P 0 1]K + A(P) + Ik < 8 ) P 

Notation 6.14. Let P be an m-Dyck path, 

(1) we use Sweddler’s notation for the coproduct, that is 

A(P) = ^P(i)®P( 2 ), 

for any P E Pm, to denote the image of P under the coproduct, 

(2) the image of P under the reduced coproduct is denoted 

A(P) = ^P(i) 0 P( 2 ), 

(3) for any integer 0 < j < L{P), we denote by AL>j{P) (respectively, 
Ai=_, (P)) the sum of the terms P(i) (g) P( 2 ) appearing in A(P) such 
that L(P( 2 )) > j (respectively, L(P( 2 )) = j). 

We write ® ^L>j{P) (and similarly for Ai=j(P)). 

(4) for the reduced coproduct, we denote Ai>j{P) = YlP{i) ® P( 2 y^ 

(respectively, Al=j(P) = ® 

(5) given an admissible cutting P = {P^,..., P^} of P, we use P(i) to 
denote the sum of elements P^ * • • • * P^ and P( 2 ) for the element 
P/{P}. 
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From Remark 6.13 we get that Ai>m(R) = A(P)—P (g) Ijk, for any Dyck 
path P G Dyck^. 

The main result of this section is the following Theorem. 

Theorem 6.15. The coproduct A defined on Dm satisfies the relation: 

A(P *i Q) = A{P) *i A{Q) = ^(R(i) * (5(1)) {P(2) *i Q(2)), 

for any integer 0 < i < m and any pair of elements P,Qg Vm ■ In other 
words, the triple {Dm, {*i}o<i<m, A) is a Dyclfi^ bialgebra. 

The proof of Theorem 6.15 requires to prove some additional results first. 
Let us begin by extending the products Xj, defined in Section 2, to the 
Vm Vm in a trivial way. 


Definition 6.16. For any pair of m-Dyck paths P and Q, and any integer 
0 < j < L{P), dehne: 


( 1 ) 

( 2 ) 

(3) 


P Xj Ik := 

Ik Xj P := 

{P *Q) ® (Ik Xj 


for 0 < j < L{P) 
for j = L{P). 
for J > 0 
for j = 0. 

Ik) := {P Xj Q) (g) Ik- 


Extending by linearity, we get a well defined product x j on Vm <S> Vm, given 
by 

(P 0 Q) Xj (R^S) = (P*P)0Q Xj S. 


Lemma 6.17. Let P be an m-Dyck path and P( 2 ) Ihe result of collapsing 
a set of admissible cuts of P to a point. For 0 < i < m, we have CfiP) = 
Ci{P{ 2 )) ctnd Ci{P) = Ci(P( 2 )). In particular, Cm-i{P) < L{P{ 2 )) 

Proof. Observe that the down steps of maximal level of P( 2 ) a.re the last 
L{P(j2)) down steps of P and the colors of both differ only by a renaming 
of colors. Therefore, for 0 < i < m, we have that CfiP) = C'j(P(2)) 
Ci{P) = Ci(P( 2 ))- Also, since P( 2 ) is an m-Dyck path, it must have a color 
repeated m times, this implies that Cm-i{P) = Cm-i{P{2)) < P{P(2))- ^ 

Proposition 6.18. Let P he an m-Dyck path and Q a prime m-Dyck path. 
The coproduct A satisfies that A{P Xq Q) = A(P) Xq A{Q). Moreover, we 
have that A{P *0 Q) = A(P) *0 A((5). 

Proof. Since Q is prime, a cut of P Xq Q is either a cut of P, or P itself, 
or a cut of Q. So, an admissible cutting 77 of P Xq Q satisfies one of the 
following conditions; 
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(a) TZ € Ad(P) and {P Xq Q)ITZ = {P/TZ) Xo Q, or 7^ = {P} and 
iPxoQ)/n = Q, 

(b) TZ G Ad(Q) and {P xq Q)/TZ = P xq (Q/TZ), 

(c) TZ = {P} U Q, with Q G Ad((5). In this case (P Xq Q)ITZ = QjQ, 

(d) TZ = PUQ, for a pair of admissible cuttings P G Ad(P) and Q G Ad((5), 
and we get (P Xq Q)/TZ = (P/P) Xq {Q/Q)- 

Computing A(P Xq Q), we get that: 

A(Pxo(5) = P Xq <5 Cl Ik + E P( 1 ) C P( 2 ) Xo Q + 

P®Q + l3(i) C PxoQ(2 ) + P*Q{i) C Q(2) + 

^P(i)*Q(i) C P(2) Xo <5(2) + Ik C PxqQ. 

Using that A(P) Xq Q C Ik = 0, we obtain A(P Xq Q) = A(P) Xq A((5). 
As Q is prime, any <5(2) appearing in A{Q) is also prime. 

So, P *0 Q = P Xq Q and P( 2 ) *o Q{ 2 ) = P{ 2 ) Xq <5 (2); which implies that 
A(P*oQ) = A(P)*oA(Q). □ 

Lemma 6.19. Let P,Q be two m-Dyck paths, with P G Pycfc™ and Q 
prime, and let j be an integer 0 < j < L{P). The coproduct A on the 
elements P Xj Q fulfills the following relation: 

(1) if 0 < j < L{P), then 

A{PxjQ)= PxjQ Ik + Ai>,(P) x, A(Q) -^P(^=^'® P^=^ 

+ Y. P'*---* P"~" * (P" Xi-L(p2)) Q) ^ ^2) 

L{'P(2))<3 

where the sum is taken over all admissible cuttings P = {P^,..., P®} 
of P such that L(P( 2 )) < J- 

(2) iff = L{P), then 

A(P 'Xl(p) Q) = P ^l{p) g C Ik + Ai=i(p)(P) x^p'^ A{Q) 

+ 'Y P^ *■■■* P*“^ * (P"" X£,(P)_£,(P^ 2 )) Q) C P{ 2 )-, 

L{P(2)))<L{P) 

where the sum is taken over all admissible cuttings P = {P^,..., P®} 
of P such that L(P( 2 )) < P{P)- 

Proof. For 0 < j < L{P), a cut P of P Xj Q is of the form: 

(i) P is a cut of P such that L{P/R) > j. Note that it means that either 
the level of the last step of P is smaller than ni, or P = P^ with 

k < L{P) — j for some d = d^ € PVV’ni(P). 

(ii) P is a cut of Q, for j < L{P). For j = L{P), P is a cut of Q or Q. 
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(iii) R = Q, for some G VWni{P) such that 

k>L{P)-j. 

So, any possible admissible cutting 7^ of P Xj Q satisfies one of the following 
conditions: 


(a) P € Ad(P) is such that L{P/P) > j, and {P Xj Q)jP = {P/P) Xj Q. 

(b) P G Ad(Q), for 1 < j < L{P), respectively P = {Q}, for j = L{P). 

In this case, {P Xj Q)/P = P Xj Q/P, respectively {P Xj Q)/{Q} = P- 

(c) P is the disjoint union of P G Ad(P), such that L{P/V) > j, and 
Q G Ad((5), which does not contain Q. So, {P Xj Q)/P = P/V XjQ/Q. 

(d) P = {P\ ..., P^-\P^ Xj-L(P( 2 )) Q}^ where V = {P\ ... ,P^} ^ Ad(P) 


is such that 


L{'P(2)) < j 
L(P(2))<L(P) 


for j <L{P), 
for j = L{P). 


For the previous two cases, we get that {P Xj Q)/P = P/V. 


(e) P = for j = L(P), where 

V = {P ^,..., P^} G Ad(P) is such that F(P( 2 )) = Again, we get 

that {P XjQ)/P = P/P. 


For any pair of Dyck paths R, S, we have that; 

Ik Xj R = 0, for 0 < j < L{R), 

< R Xj Q = 0, for L{R) < j, 

R Xj Ik = 0, for 0 < j < L{R). 

An easy calculation shows that 

(4) A(P Xj Q) = P XjQ®l^ + Y, ^(2p xj Q + 

xA2)+ E = 

Lip2))<j 

p Xj Q 0 Ik + Ai>j(P) Xj A{Q) - Y * Q ® + 

^ pi * ... * P-I * (P* Q) 0 P(2), 

L{p2))<j 

for 1 < j < L{P), and 

(5) A(P Xp(p) Q) = P Xp(p) g (8) Ik + 

lCP(2))<l(p) 

Pxi(p)g0lK +Ai=p(p)(P)xp(p)A(g) + Y P^*' • ■*P''~^*{P'‘^L{P)-L{r(^2))Q)^P{‘i)^ 

L(P(2))<L(P) 
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for j = L{P), which ends the proof. □ 

Proposition 6.20. Let Q be a prime m-Dyck path and P any m-Dyck path. 
For any 1 < i < m, the coproduct satisfies that: 

A(P Q) = ^ (g) P(2) *i Q{2)- 


Proof. As Q is prime, using the conventions of Notation 4.7, we have that 
Ci(P) 

P *i Q = PXjQ. 

j=CiiP) 

For 1 < i < m, by Lemma 6.17, any P( 2 ) coming from an admissible 
cutting of P satisfies L(P( 2 )) ^ Cm{P) > j, for Ci{P) < j < CfiP), which 
implies that ^ * Q ® ~ 0, and 

^ pi * ... * p-l * (p« Q) ® -P(2) = 0. 

L{P( 2 ))<j 

So, P( 2 ) satisfies L(P( 2 )) > j (with Ci{P) < j < CfiP)) if, and only if, 
P( 2 ) Ik- Therefore, applying Lemma 6.19, we obtain 

A(P XjQ) = ^ P(i) * Q(i) (g P(2) Xj <5(2) + P Xj Q (g Ik = 

L{P(2))>3 

= ^ -P(i) * Q(i) ® P{2)^jQ{2)+ PxjQ <2) Ik- 

^’(2)7^1k 

Applying the formula above and Lemma 6.17, we get 

/ CiiP) 

A(P Q) = A ^ P Xj Q 

\j=Ci{P) 

CiiP) 

E ( E -P(i) * Q(i) ® ^*(2) xj (5(2)) + P Q (g Ik = 

j=CiiP) P(2)?^1k 

Ci(P) 

P(1)*<5{1) ^ P(2)XjQ{2)) + P*iQ<^lK = 

P(2)¥='^k j=CiiP) 

CiiP(2)) 

P(1)*<5{1) <^ ( ^ P(2)Xi<5(2)) + P*i(5®lK = 

-P(2)7^1k j=CiiP(2)) 

P(l) * <5(1) <2) P(2) <5(2) + p <5 ® Ik = 

p2)?^lK 



P(l) * <5(1) ® P(2) *i Q(2)- 
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To prove the formula for i = m, we use that 

L(P)-1 

AiP*^Q)= ^ A{PXjQ) + A{Pxl(p)Q). 

j=Cm 

Applying Lemma 6.19, to both terms of the previous equality, we obtain 
L(P)-1 L(P)-1 

A{PxjQ) = [PxjQ (g) Ik + AL>j{P) Xj A{Q) + 

j=Cm{P) j=Cm(P) 

E -Y.Pm*Q ® Pm ), 

L(P( 2 ))<j 

and 


^L{P) Q) — P ^L(P) Q ® Ik + ^L=L{P){P) ^L(P) ^(Q) + 

Y] P^ * ■■■ * P^~^ * Xl(P)-L(P(2)) Q) ® P(2)- 

L(P(2))<L(P) 

We leave the proof of the following two equalities to the reader, from 
which the proof of the case i = m is complete: 

L(P) 

A(P)*mA((5)= {P^jQ ® Ik + AL>j(P) Xj A((5)), 

j=Cm(P) 

and 

L(P)-1 

E (E Pr *«® pp) = 

j=Cm(P) 

L{P) 

Y, E * • • • * p"~" * ip^ xj-L(P(,)) Q) ® P{2)- 

j=Cm{P) L(P(2))<mm{j,L(P)-l} 

□ 


We may prove now Theorem 6.15. 

Proof, of Theorem 6.15 We prove the result applying a recursive argument 
on the number of prime factors of Q. Suppose Q = Qi Xq ... Xq Qr, where 
the QiS are prime Dyck-paths. 

For r = 1, the result is proved in Proposition 6.20. 

Suppose that r > 1, and let P := Qi Xq- • • XoQr-i- Applying the relations 
satisfied by the products *fs, we get that; 

m i 

P *i Q = P *i {R *0 Qr) = ** ~ E ^ 

j=i j=l 
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Since Qr is prime and R is the product of r—1 prime factors, the recursive 
hypothesis states that 

A((P R) Qr) = (A(P) A(i?)) A(Q,). 

By Lemma 3.5, if j > 1, then the element R *j Qr has less than r prime 
factors. So, we have that: 

A(P {R Qr)) = A(P) (A(i?) A{Q)r). 

Since Vm <8) Rm is a DycK^ algebra, the substraction of these two terms 
gives exactly A(P) *i (A(i?) *o^(Qr)) which is equal to A(P) A((5), which 
ends the proof of the theorem. □ 

Corollary 6.21. The coproduct A (hence also A) is coassociative. 

Proof. We need to show that the composition 

(A (g) Id-Id (g) A) o A : ^ Rm <8) T>m <g Rm, 

is zero. _ 

There is a Dyck^-algehra structure on Dm <g) Rm <g) Rm given by: 

(xi (g) X2 (g) X3) *i {yi (g y2 <2) Vs) = (a:i * yi) 0 (x2 * ^2) <g (X3 *i ys), 

and we make similar considerations as in the case of Rm <g Rm when X3 = 

ys = 1 - 

As A is a Dyck^ homomorphism, it is easy to see that both A (g) 1,1 (g A 
are so. 

By Theorem 5.11, coassociativity of A follows from the fact that 
(A g) Id — Id g> A){Apm) = 0, 

on the generator pm of Rm- IB 
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